We consider a non reactive two component gas mixture. In a macroscopic description of a gas mixture we expect four physical coefficients characterizing the physical behaviour of the gases to appear. These are the diffusion coefficient, the viscosity coefficient, the heat conductivity and the thermal diffusion parameter in the Navier-Stokes equations. We present a Chapman-Enskog expansion of a kinetic model for gas mixtures by Klingenberg, Pirner and Puppo, 2017 that has three free parameters in order to capture three of these four physical coefficients. In addition, we propose several possible extensions to an ellipsoidal statistical model for gas mixtures in order to capture the fourth coefficient.
Introduction
In this paper we shall concern ourselves with a kinetic description of gases. This is traditionally done via the Boltzmann equation for the density distributions f 1 and f 2 . Under certain assumptions the complicated interaction terms of the Boltzmann equation can be simplified by a so called BGK approximation (approximation invented by Bhatnagar, Gross and Krook in [4] ), consisting of a collision frequency multiplied by the deviation of the distributions from local Maxwellians. This approximation should be constructed in a way such that it has the same main properties of the Boltzmann equation namely conservation of mass, momentum and energy, further it should have an H-theorem with its entropy inequality and the equilibrium must still be Maxwellian. BGK models give rise to efficient numerical computations, which are asymptotic preserving, that is they remain efficient even approaching the hydrodynamic regime [23, 14, 13, 5, 6, 10] . However, the drawback of the BGK approximation is its incapability of reproducing the correct Boltzmann hydrodynamic regime in the asymptotic continuum limit. Therefore, a modified version called ellipsoidal statistical model (ES-BGK approximation) was suggested by Holway in the case of one species [17] . The H-Theorem of this model then was proven in [3] and existence and uniqueness of solutions in [24] .
Here we shall focus on gas mixtures modelled via an ES-BGK approach. In the literature there is a BGK model for gas mixtures suggested by Andries, Aoki and Perthame in [2] which contains only one collision term on the right-hand side. In [2] the hydrodynamic limit obtained by performing the Chapman-Enskog expansion is considered. Since the model does lead to the right hydrodynamic regime, one extension of this model to an ES-BGK model to an ES-BGK model for gas mixtures is given by Brull in [9] . His extension is based on an entropy minimization problem and leads to a correct Prandtl number in the Navier-Stokes equations. Another extension is given by Groppi, Monica and Spiga in [15] . They noticed that in the case of a gas mixture there is not only one physical quantity, the Prandtl number, which they want to fix in the right way, there are also the diffusion coefficient and the thermal diffusion parameter. In [15] , with the proposed model there, they are able to fix the diffusion parameter and the Prandtl number but not the thermal diffusion parameter. There are also hydrodynamic limits for kinetic models dealing with reactive mixtures, and for mixtures related to the description of polyatomic molecules, see for example [8, 7, 22] and references therein.
In [20] , Klingenberg, Pirner and Puppo present a BGK model for gas mixtures which contains three free parameters from a modelling point of view. In this paper we are interested in an extension to an ES-BGK model of this BGK model for gas mixtures [20] . The advantage of this model is that we already have free parameters that open the possibility to determine macroscopic physical quantities like viscosity or heat conductivity when performing the Chapman-Enskog expansion to obtain the Navier-Stokes equations.
The outline of this chapter is as follows: in section 2.1 we want to motivate the ES-BGK model for one species. In section 3 we briefly repeat the main issues of the BGK model for gas mixtures in [20] . In section 4, we introduce the macroscopic equations and quantities Groppi, Monica and Spiga [15] expect to have in the case of gas mixtures. In section 5 the Chapman-Enskog expansion for the BGK model for mixtures from section 3 is performed in order to arrive at the transport coefficients. Our BGK model used for this derivation has free parameters that are shown to be useful in this derivation. In section 6, we suggest extensions to an ES-BGK model for mixtures.
2 Motivation of the ES-BGK model for one species
The BGK and ES-BGK model for one species
In this section we briefly recall the BGK model for one species and the extension to an ES-BGK model in the case of one species proposed by [17] in order to see the effect of the ES-BGK extension. This is presented in more details in [1] . For one species the BGK equation is given by
with the collision frequency ν(x, t), the distribution function f (x, v, t) > 0 where x ∈ R 3 , v ∈ R 3 are the phase space variables and t ≥ 0 the time. We relate the distribution functions to macroscopic quantities by mean-values of f via
where m is the mass of a particle, n is the number density, u the mean velocity and T the temperature which is related to the pressure p by p = nT . Note that in this paper we shall write T instead of k B T , where k B is Boltzmann's constant. Then we can define the Maxwellian M (f ) by
For the ES-BGK model we now replace the Maxwell distribution M (f ) by another relaxation operator and consider the new equation
where G(f ) is not a Maxwell distribution any more. Instead of the scalar temperature in the Maxwell distribution we take a linear combination of the temperature and the pressure tensor:
where
being a free parameter. We see that forμ = 0 we regain the BGK model because then
3 in three space dimensions. Since we wrote T −1 we have to ensure that T is invertible. This is done by the next lemma and the next theorem.
Lemma 2.1. Assume that f > 0. Then P n has strictly positive eigenvalues. The proof is given in [21] in the case of two species. 
The theory of persistence of the velocity
In section 6 we want to propose possible extensions to an ES-BGK model for gas mixtures. One of these extensions is based on the following physical theory. It is called theory of the persistence of velocities. It is described in [18, 19, 16, 12] . The theory of persistence of velocities after a collision of two particles is a physical phenomenon developed by Jeans in [18] . It states the following. After a collision with another particle the velocity of a given particle will, on the average, still retain a component in the direction of its original motion. This is explained in the following. Jeans computes a mean absolute valuec ′ 1 (c 1 , c 2 ) of the velocity after the collision of a particle with mass m 1 which has the absolute value of c 1 of its velocity before collision viac
The index 2 denotes another particle with mass m 2 and a fixed but arbitrary value of the absolute value c 2 of the velocity of particle 2. The average is taken over all possible deflection angles ω ∈ S 2 andν 12 (c 2 , ω) denotes the probability of a collision.
The case of equal masses
In the case of hard balls and equal masses one can compute the integral in (4). For details of this computation see [18, 19, 12] . We obtain
Then the expressionc
is called the measure of persistence of the velocity of the first particle. We observe thatc
depends only on the ratio κ := c1 c2 , namelyc
We observe the following estimate 
Proof. First, let κ > 1. Thenc We observe that for any κ we expect a positive persistence of the velocity before collision which is always larger than 1 4 for any κ. Remark 1. In the case of different masses we obtain from the integral in (4) the expressionc
where (c
c1 ) e denotes the persistence when the masses are equal. So we obtain the following inequalityc
if we use lemma 2.3 for the persistence when the masses are equal. So in the case of different masses we observe that it is dependent from the masses whether we have a persistence or not.
Consequences for the choice of the ES-BGK operator
The choice of the tensor T = (1 −μ)T 1 +μP can be motivated with the theory of persistence of the velocities as follows. This was done by Holway in [17] who was the physicist who invented the ES-BGK model. The theory of persistence of the velocity argues that in the post-collisional absolute value of the velocity there is a memory of the pre-collisional absolute value of the velocity of the particle. In the single species BGK equation this yields to the choice of
the tensor chosen in the well-known ES-BGK model, whereμP preserves the memory of the off-equilibrium content of the pre-collisional velocity. This can be rewritten as
where traceless[P] denotes the traceless part of P. So the off-equilibrium part is contained inμ traceless[P].
3 The BGK approximation for gas mixtures
For simplicity in the following we consider a mixture composed of two different species, but the discussion can be generalized to a multi species mixtures. Thus, our kinetic model has two distribution functions f 1 (x, v, t) > 0 and f 2 (x, v, t) > 0 where x ∈ Λ ⊂ R 3 and v ∈ R 3 are the phase space variables and t ≥ 0 the time. Furthermore, for any
we relate the distribution functions to macroscopic quantities by mean-values of f k , k = 1, 2
where n k is the number density, u k the mean velocity, T k the mean temperature and P k the pressure tensor of species k, k = 1, 2. Note that in this section we shall write T k instead of k B T k , where k B is Boltzmann's constant. We are interested in a BGK approximation of the interaction terms. This leads us to define equilibrium distributions not only for each species itself but also for the two interspecies equilibrium distributions. We choose the collision terms as BGK operators. Then the model can be written as:
with the Maxwell distributions
where ν 11 n 1 and ν 22 n 2 are the collision frequencies of the particles of each species with itself, while ν 12 and ν 21 are related to interspecies collisions. To be flexible in choosing the relationship between the collision frequencies, we now assume the relationship
If we assume that
and
we have conservation of the number of particles, of total momentum and total energy provided that
We see that without using an ES-BGK extension, we already have three free parameters in (10) and (11) in order to possibly match coefficients like the Fick's constant or the heat conductivity in the Navier-Stokes equations. In order to ensure the positivity of all temperatures, we need to impose restrictions on δ and γ,
see theorem 2.5 in [20] . This summarizes our kinetic model (6) in of two species that contains three free parameters. More details can be found in [20] .
Coefficients on the Navier Stokes level
In the two species case we expect from the H-Theorem (see theorem 2.7 in [20] ) that in equilibrium the two species have a common velocity and a common temperature.
In the following, we will denote this two quantities byū andT . In this section we want to present what parameters in the Navier-Stokes equations for mixtures we want to fix in the two species case. This is described by Groppi, Monica and Spiga in [15] . They expect the following expansion of the velocities according to Fick's law
with the four diffusion coefficients bound together by the three independent constraints
so the full Fick matrix is determined by only one of its entries. In case of the pressure tensor they expect the following expansion
where µ denotes the viscosity coefficient of the gas mixture. In the case of the derivation of the heat flux, they expect the following
and λ denotes the heat conductivity and C the thermal diffusion parameter.
Chapman Enskog expansion for the mixture
In this section perform the Chapman Enskog expansion for the BGK equation for mixtures (6) in order to see where the free parameters α, δ and γ will show up at the Navier-Stokes level. For simplicity, we do not do all the computations but compute it up to the point where our free parameters appear as was done in the case ofμ in the one species case.
Dimensionless form
We start with the non-dimensionless form of the BGK model (6) . We state the result for the dimensionless version performed in [11] . One obtains
if we assume (8) . The parameterν 12 denotes a typical value for the collision frequency,t a typical time scale,x a typical length scale and N the typical number of particles inx 3 . For simplicity we choose ν 12 = 1 and consider the case where ε 1 is a small parameter. This means both type of interactions, interactions of a species with itself and interactions with the other species, become dominant and we expect to get the global equilibrium with equal mean velocities and temperatures in the limit ε 1 → 0. The non-dimensionalized Maxwell distributions are given by
with the non-dimensionalized macroscopic quantities
The macroscopic quantities in non-dimensionalized form are given by
Expansion
Now, we want to do the analogous Chapman Enskog expansion in the two species case. We expand both f 1 and f 2 in terms of ε 1
From (16) we get in the limit ε 1 → 0
from which we can deduce that both distribution functions are Maxwell distributions with equal mean velocity and temperature (see theorem 2.8 in [20] ). From (16) we get
The zeroth order terms of the expansion have the same number density as the distribution functions itself so the number densities are independent of ε 1 . But the velocities and temperatures do not coincide, since we expect a common value in equilibrium, so they depend on ε 1 . This means the first term in the expansion
is not the zeroth order in ε 1 but also contains higher orders. In the one species case one directly obtains that the zeroth order is given by M (f ). This helps a lot in the expansion since is possible to insert M (f ) as zeroth order in the expansion of the distribution function. Since we are not able to explicitly specify the zeroth order here, we are not able to do this. But we can find a linear combination of f 1 and f 2 such that the mean velocity and the temperature coincide with the zeroth order of
which remembers on the one species case. This is done in the next section.
Combination of the distribution functions whose macro-
scopic quantities correspond to the macroscopic quantities of the zeroth order
We now want to find a linear combination of the distribution functions whose mean velocity and temperature are independent of ε 1 :
The zeroth order of f 1 is contained in
and the zeroth order of f 2 is contained in
So a combination of the distribution functions whose mean velocity and temperature are of zeroth order is obtained if the mean velocity and the temperature of Af 1 + Bf 2 are equal to the mean velocity and temperature of
. By taking moments we get conditions on A and B. From the velocities we get
A comparison of the coefficient in front of u 1 and u 2 leads to
If we do the same with the temperatures, we will obtain the same result. We can simplify this expression by using the relationships between ε 1 , ε 2 ,ε 1 and ε 2 . First we getε
and secondly
Multiplying the two expressions we get
So all in all we get the following simplification
We choose B = 1 and A = 
So
wheref 0 has the same density, velocity and temperature according to (22) as the left hand-side and moments off k , k ≥ 1 are zero as in the one species case. We can explicitly compute the moments off 0 . This is done in the next section.
Moments off 0
The density off 0 is given bȳ
Therefore the velocity is given bȳ
, and the energy is given byn
Solving this forT 0 m 0 leads to the temperaturē
Combining the distribution functions whose moments are zero
We observe that in section 5.3 we regained a property of the one species case. But since we are in the two species case it is not enough to have one equation for the sum of the two distribution functions. We need a second equation. Since we expect that in equilibrium the mean velocities and the temperatures of the two distribution functions are the same we know that the zeroth order of n2 n1 f 1 − f 2 has zero mean velocity and the zeroth order of the combination n2 n1 m1 m2 f 1 − f 2 has zero temperature. Therefore
wheref 0 has zero mean velocity andf 0 has zero temperature. Solving (25) and (26) for f 1 and f 2 leads to
and solving (25) and (27) for f 1 and f 2 leads to ( 1
,
(32)
Expansion of the velocity, the pressure tensor and the heat flux
The exact macroscopic conservation equations that need to be closed in the two species read as
This is obtained by computing moments (multiplying (16) by (1, v, |v| 2 ), integrating with respect to v and using the definitions of the macroscopic quantities in (22)), where we need expressions for the species velocities, pressure tensors and energy fluxes
for k = 1, 2. In the following we want to insert the expansions for f ε1 1 and f ε2 2 into these three integrals in order to see if we are able to fix the diffusion coefficient, the viscosity, the heat conductivity and the thermal diffusion parameter as described in section 4.
Expansion of the velocities
First consider the velocity. If we just insert (32) into (33), this will lead to expansions of the form
This is in accordance to our expectation that for ε 1 → 0 the two velocities converge to a common value, but the expansion (36) cannot be used to solve it for the two velocities u ε1 1 and u ε1 2 . In order to do this we need an additional step. This is done as follows. The velocity of the ion expansion of the first term in (32) using the expression of u 12 is given by
We can split this expression intō
We denote
So we see from (32) that we get
Solving this for u ε1 1 leads to
Similarly, we get for the second species
(38)
Remark 2. At this point we observe that we cannot use the parameter γ from (19) because |u
and has no influence on the order ε 1 .
Remark 3. According to section 4 we have a diffusion coefficient in front of the integrals in (39). In our expansion in (39) this coefficient in front of the integrals depends on the free parameter δ, since c 1 depends on δ. This enables us to determine the free parameter δ later such that the coefficient in front of the integrals fits to the diffusion coefficient measured by experiments.
Expansion of the temperature
For the temperature we do the same trick as in the case of the velocities. 3n1 times the temperature of the ion expansion of the first term in (32) using the expression of T 12 is given by
We see from (32)
Solving this for T ε1 1 leads to
Similarly, we get for the second species 
If we compute the expansion of the non-diagonal elements of the pressure tensor, the zeroth order vanishes and we obtain
Remark 4. According to section 4 we have a viscosity coefficient in front of the integrals of the expansion of the pressure tensor in (44). This coefficient depends on our free parameter α, since the constant c 2 depends on the undetermined parameter α from (19) . This enables us to determine the parameter α later such that it fits to the viscosity coefficient measured by experiments.
Expansion of the energy flux
If we insert the expansion (32) into (35) and use the definition of the mixture Maxwell distributions (7), we get
in which we can insert the expansions for the velocities and the temperatures. The zeroth order is given by 5 2
).
The energy flux for species 2 is given by
Here, the zeroth order is given by
Remark 5. According to section 4 we have the thermal conductivity and the thermal diffusion parameter in front of the integrals in the expansion of the energy flux in (45) and (46) which we want to be able to fix the value which one obtains from experiments. We observe that we do not have more free parameters since α and δ are already fixed in order to obtain the right viscosity and diffusion coefficient. But if we perform the extension of the BGK to an ES-BGK model we will obtain an additional free parameter in the pressure tensor similar as it is done in the one species case. This allows to determine the additional free parameter in order to get the right viscosity coefficient. The parameter α remains undetermined such that we can use α to fix the thermal conductivity in the heat flux. A fourth free parameter is gained if we treat the collision frequency ν 12 as a free parameter as it is done in [15] . With this we can determine the diffusion coefficient such that the parameter δ remains undetermined and we can fix δ in the heat flux expansion such that the thermal diffusion parameter has the right physical value.
Extensions to an ES-BGK approximation
In this section we want to present three possible extensions to an ES-BGK model for gas mixtures. The first one has the attempt to keep it as simple as possible and extend only the Maxwell distribution in the single relaxation term. This describes the relaxation of the distribution function to an equilibrium distribution due to interactions of the species with itself. The two other extensions try to do it more symmetrically and extend every Maxwell distribution. The first ansatz in this case is to extend it exactly analogously as in the one species case and the second ansatz proposes a different extension which is motivated by the physical intuition of the physicist Holway who invented the ES-BGK model in [17] . These models are also presented in [21] by Klingenberg, Pirner and Puppo. For the reader's convenience we want to repeat it here. The simplest choice is to only replace the collision operators which represent the collisions of a species with itself by the ES-BGK collision operator for one species suggested in [1] . Then the model can be written as:
with the modified Maxwell distributions
for k = 1, 2 and M 12 , M 21 the Maxwell distributions described in the previous sections. G 1 and G 2 have the same densities, velocities and pressure tensors as f 1 and f 2 , respectively, so we still guarantee the conservation of mass, momentum and energy in interactions of one species with itself. Since the first term describes the interactions of a species with itself, it should correspond to the single ES-BGK collision operator suggested in section 2.1. So we choose T 1 and T 2 as
withμ k ∈ R, k = 1, 2 being free parameters which we can choose in a way to fix physical parameters in the Navier-Stokes equations. So, all in all, together with the parameters in the mixture Maxwell distributions (10) and (11) we now have five free parameters, see (10) , and (11) for the other free parameters. We can prove that this model is well-defined, satisfies conservation of mass, momentum and energy; that it has an H-Theorem and we can characterize the equilibrium as Maxwellians with the same mean velocity and temperature. For the proofs see [21] .
In the following, we also want to replace the scalar temperatures in the mixture Maxwell distributions by a tensor. In the first model the terms (v j −u kj )f k (v i −u ki ) for i = j do not appear in the relaxation operator. To obtain a more detailed description of the viscous effects in the mixture we take into account these cross terms during the relaxation process. Then the model can be written as:
for k = 1, 2, k = j and with T k defined by (49). Again, the conservation of mass, momentum and energy in interactions of one species with itself is ensured by this choice of the modified Maxwell distributions G 1 and G 2 which have the same densities, velocities and pressure tensor as f 1 and f 2 , respectively. In addition, the choice of the densities in G 12 and G 21 , we also guarantee conservation of mass in interactions of one species with the other one.
If we extend T 12 and T 21 in the same fashion to a tensor as in the case of one species, we obtain T12 = (1 −μ12)(αT1 + (1 − α)T2)1 +μ12 αP1 + (1 − α)P2 n1 
If we check the equilibrium distributions (see [21] for details), we obtain a dependence ofμ 12 onμ 1 and ofμ 21 onμ 2 . An alternative choice to (52),(53) is given by
This choice of T 12 still contains the temperature of gas 1, since the trace of the pressure tensor
P1
n1 is the temperature T 1 . In (54) compared to (52) we replace only the temperature T 1 of species 1 by the pressure tensor P 1 while we keep the temperature T 2 . This asymmetric choice can be motivated by the theory of "persistence of velocity" described in chapter 2.2. We observed in section 2.2, that in the one species case the tensor T can be rewritten as T = T 1 +μ traceless [P] , where the memory of the off-equilibrium part of species 1 is contained inμ traceless [P] . Doing this analogously for two species we arrive at
If we plug in the definition of T 12 given by (11), we end up with (54).
In both choices of the tensors T 12 and T 21 we can prove that the models are well-defined and that we have conservation of the number of particles, conservation of total momentum and conservation of total energy. Moreover, we are able to prove an H-Theorem and we can specify the equilibrium distributions. For the proofs see [21] .
Conclusion
The goal in the paper is to derive the four transport coefficients of a two species Navier-Stokes model derived from a two species kinetic model. To this end we take a two species BGK model [20] and are able to perform the Chapman Enskog expansion to derive three of the transport coefficients. A special feature of using model [20] is that this kinetic model has free parameters that can to be chosen a posteriori such that transport coefficients fit with an experiment. After this is done one transport coefficient still needs to be determined. For this we suggest extensions of the BGK model [20] to an ES BGK model [21] .
